Abstract-In order to obtain a good balance of bit error rate (BER) across channels, the geometric mean decomposition (GMD) is introduced to replace the singular value decomposition (SVD) for precoding in the downlink of a multiuser multistream multiple-input multiple-output (MIMO) system. By combining GMD with a block diagonalization method, we obtain two kinds of precoding schemes: iterative nullspace-directed GMD and noniterative nullspace-directed GMD. Considering their respective advantages and disadvantages, a mixed nullspace-directed GMD is proposed to solve the convergence related problems of the iterative method. Furthermore, the computational complexity of the mixed scheme is similar to the iterative scheme under the same conditions. The simulation results show that the average BER performance of the block diagonalization method based on GMD is better than the same method based on SVD, and the mixed nullspace-directed GMD outperforms the iterative nullspace-directed GMD and the non-iterative nullspace-directed GMD.
I. INTRODUCTION
In multiuser downlink multiple-input multi-output (MIMO) communications, the base-station (BS) will communicate with several users simultaneously over the same frequency band [1] . In this case, the beamformer based spatial multiplexer should be designed to suppress inter-user interference (IUI) and to maximize signal-to-noise-ratio (SNR) of each user.
There are three main classes of solutions for multiuser MIMO downlink communications. The first class of solutions uses "dirty paper coding" [2] , which is a nonlinear precoding scheme for interference precancellation proposed by Costa [3] . The underlying idea is that when a transmitter has advance knowledge of the interference of a channel, an appropriate code can be designed to compensate for it, and the capacity of the channel is the same as if there was no interference. However, DPC is complicated to realize.
The second class of solutions perfectly cancels IUI for each user using linear precoding at the transmitter [4] - [8] . These schemes impose a restriction on the system configuration in terms of number of antennas. In [5] , [8] , block diagonalization is used to eliminate IUI, leaving each user to deal with interference among its own data stream. The zero forcing (ZF) approach in [4] is equivalent to using block diagonalization This work has been supported by the Engineering and Physical Sciences Research Council of the UK under the grant, EPSRC E041817.
to cancel IUI. However, ZF requires the number of transmit antennas at the BS to be larger than the sum of receive antennas of all users.
The third class of solutions employs linear filters, both at the transmitter and the receiver, and it generally uses iterative algorithms to optimize the weights of the precoders and decoders to maximize various criteria such as the output signalto-interference-plus-noise ratio (SINR) [9] - [13] , the signal-toleakage ratio (SLR) [14] - [16] , or signal-to-leakage-plus-noise ratio (SLNR) [17] , [18] . The problem of transmitted power minimization with SINR constraints has been comprehensively studied in [19] - [21] .
In this paper, we propose a hybrid nullspace-directed geometric mean decomposition (GMD) scheme. The reason we use GMD is that it has the potential to provide equal bit error rate (BER) performance for all subchannels [22] , [23] . Considering that the iterative algorithm proposed in [7] is not guaranteed to converge, this paper proposes a mixed algorithm, where if the iterative algorithm does not converge within a specific number of iterations, the non-iterative algorithm will replace it to obtain the weight coefficients. In addition, we utilize the conventional Vertical Bell Labs. space time (VBLAST) [23] , [24] scheme in the simulation. This paper is organized as follows. A multiuser multistream MIMO system is described in the next section. After the iterative nullspace-directed GMD is proposed in Section III, the non-iterative nullspace-directed GMD and mixed nullspacedirected GMD are proposed in Section IV. Section V presents the simulation results, and the conclusion is drawn in Section VI.
II. SYSTEM MODEL
Consider a downlink communication system with a BS communicating with K users. There are N t antennas at the BS and N r,i receiving antennas for the ith user. Let s i ∈ C
Nm,i×1
denote the transmitted data symbol vector intended for user i, where N m,i denotes the number of data streams transmitted simultaneously for user i such that
where the superscript T denotes transpose.
Before being transmitted over the channel, this symbol vector is multiplied by a precoding matrix W i ∈ C Nt×Nm,i . Hence, the overall transmitted vector x ∈ C Nt×1 by the transmit antennas can be described as
Then, the input-output relationship of the channel can be written as
where y i ∈ C Nm,i×1 denotes the received vector by the antennas of user i; H i ∈ C Nr,i×Nt denotes the channel matrix from the transmit antennas to the receive antennas of user i; n i ∈ C Nr,i×1 denotes the noise vector, whose elements are zero-mean circular additive Gaussian random variables with variance σ The decoding function f (·) of user i is defined aŝ
whereŝ i ∈ C Nm,i×1 denotes the decoded signal.
III. ITERATIVE NULLSPACE-DIRECTED GMD
The iterative nullspace-directed SVD for a downlink multiuser multistream MIMO channel has been proposed in [7] . The multiuser signals have been projected onto orthogonal subspaces to eliminate IUI. Then the SVD has been used to decompose the multistream channel into a set of single input single output (SISO) subchannels. Therefore, each subchannel has different signal-to-noise ratios (SNR), and subchannels with the lowest SNR will limit the overall BER performance of this system. In order to obtain equal BER, we propose to replace the SVD with the GMD [22] so that identical SNR for all subchannels can be achieved. We use the VBLAST with QR decomposition (VBLAST-QR) technique to decode the received signals. In the scheme of iterative nullspace-directed GMD, the multiuser signals are projected first onto orthogonal subspaces to eliminate IUI; and GMD is used to guarantee identical SNR for all subchannels for each user. The received signals are also decoded by VBLAST-QR.
A. GMD
The GMD for MIMO has been proposed in [22] using the following optimization framework.
where H denotes the channel matrix; L denotes the rank of H ; the unitary matrices Q and P denote the linear operations performed at the receiver and transmitter, respectively; R denotes an upper triangular matrix; r ij denotes the (i, j)th element of matrix R. The diagonal elements of R are given
where λ H,n (1 n L) denote the singular values of matrix H. Then, the diagonal elements r ii of matrix R are equal to the geometric means of the singular values of H. Hence, GMD is asymptotically optimal in terms of the channel capacity for high SNR [23] . GMD starts with the SVD H = UΛV H , and then generates the matrix Q 0 , P 0 and R, which satisfy Q H 0 ΛP 0 = R. Hence, matrix H is composed as H = QRP H , where Q = UQ 0 and P = VP 0 [22] .
To achieve high SNR in a multistream MIMO system, we modify the GMD as follows 1) Decompose H as H = UΛV H . 2) LetÛ = U| 1↔Nm andV = V| 1↔Nm , where N m denotes the number of streams; the notation ·| 1↔Nm denotes collecting the column vectors that correspond to the N m largest singular values.Λ is a diagonal matrix, and its diagonal elements are the N m largest singular values of H .
3) Then, R =Q T 0ΛP0 , Q =ÛQ 0 and P =VP 0 .
B. Orthogonal Space-Division Multiplexing
Here, GMD is used to replace the SVD in the iterative nullspace-directed SVD, which was proposed in [7] . Suppose, in the receiver, the received signal y i is premultiplied by a matrix T i , i.e., y i = T i y i (6) where vector y i ∈ C Nm,i×1 and matrix T i ∈ C Nm,i×Nr,i . Substituting (2) and (3) into (6), we obtain ⎡ ⎢ ⎢ ⎢ ⎣ y 1 y 2 . . .
where n i = T i n i . The orthogonal space-division multiplexing scheme is to eliminate IUI by making T i H i W j equal to a zero matrix, if i = j, i.e.,
Then, y i can be simplified as
where
Substituting (10) and (11) into (9), yields
Likewise, using (6) in (12), and simplifying, we obtain
C. VBLAST-QR
We consider a VBLAST scheme with a simple suboptimal receiver interface [25] . The receiver is based on estimating a signal with the largest SNR first, and then canceling its interference component successively from the rest of the signals. This process is repeated until all of the signals are estimated. Here, we consider the decoding method of VBLAST based on QR decomposition. Considering H i W i = Q i R i by (10) and (11), Q i is an unitary matrix and R i is an upper triangular matrix, then the QR decomposition of H i W i is Q i and R i . Letỹ
whereỹ i ∈ C Nm,i×1 . Substituting (13) into (14), we obtaiñ 
Ignoring the error-propagation effect, (16) can be decomposed intoỹ
Then the estimatedŝ i,j becomeŝ 
D. Iterative Nullspace-Directed GMD
Using the above solutions, the iterative nullspace-directed GMD is formulated as follows.
1) Initialize T i , ∀i,
where N m,i N r,i . typically), go to Step 4); otherwise, go back to Step 2). 4) Obtain the optimal precoding matrix W i using (11) , and then make W
2) For each user, calculate the orthonormal basis of null{H
is the jth column of W i to satisfy the power constraint.
In the transmitter, the resulting W i is used as the precoding matrix. In the receiver, VBLAST-QR is directly used to decode the received signal.
IV. MIXED NULLSPACE-DIRECTED GMD
Since iterative nullspace-directed GMD can not guarantee convergence, we propose a mixed nullspace-directed GMD. When the iterative algorithm does not converge within a specific number of iterations, the non-iterative algorithm will be replaced to obtain the weight matrices.
A. Non-Iterative Nullspace-Directed GMD
The difference between non-iterative nullspace-directed GMD and iterative nullspace-directed GMD is that the iterative nullspace-directed GMD firstly initializes the matrix T i with an identity matrix, and then updates it using the result of GMD until the IUI is controlled within a specified error range; while the non-iterative nullspace-directed GMD does not consider the matrix T i when it projects the multiuser signals onto orthogonal subspaces to eliminate IUI. Hence, the non-iterative algorithm does not need the iterative process.
Substituting (2) . . .
To eliminate IUI in (21) , H i W j should be set to a zero matrix, if i = j. It means that W i is located in the nullspace ofH i , wherẽ
. . .
Then, (21) can be simplified as
Since W i is in the nullspace ofH i , W i is the combination of each column of G i . Hence, W i can be defined as
Substituting (23) and (24) into (22) yields
Then we can use the VBLAST-QR mentioned in section III to decode the received signal y i .
B. Mixed Nullspace-Directed GMD
If the iterative nullspace-directed GMD does not converge within a specified number of iterations, the received signal could have significant IUI resulting in large BER. In order to avoid this problem, we propose a mixed nullspace-directed GMD. When the iterative nullspace-directed GMD does not converge within a specific number of iterations, the noniterative nullspace-directed GMD will be replaced the iterative algorithm. Furthermore, the computational complexity of the non-iterative nullspace-directed GMD is just similar to that of one iteration of the iterative nullspace-directed GMD. Then the mixed scheme will not bring extra computation.
V. SIMULATION In this section, the multiuser multistream MIMO system is simulated to evaluate the performance of the proposed mixed nullspace-directed GMD scheme. A quadrature-phaseshift keying (QPSK) modulation has been used. The flat fading MIMO channel, whose elements are zero mean complex Gaussian random variables with unity variance, is fixed for 100 symbols and 10,000 independent channels are used to obtain the average BER for various SNRs. The noise variance per antenna is assumed the same for all users, σ
We compare the proposed mixed nullspace-directed GMD (Mixed Nu-GMD) with four other schemes: the non-iterative nullspace-directed SVD (Non-Iterative Nu-SVD), non-iterative nullspace-directed GMD (Non-Iterative Nu-GMD) proposed in Section IV, iterative nullspace-directed SVD (Iterative Nu-SVD) proposed in [7] and iterative nullspace-directed GMD (Iterative Nu-GMD) proposed in Section III. All these schemes use VBLAST-QR as the decoder. The difference between non-iterative Nu-SVD and non-iterative Nu-GMD is in the decomposition of H i G i in (23) . The non-iterative Nu-GMD uses GMD while non-iterative Nu-SVD uses SVD in (23) . The two figures show that, for the same scheme, the GMD is better than SVD for reducing the BER. For example, in Fig. 1 , respectively. When the SNR is small, the iterative schemes are better than the non-iterative schemes. But, with an increase in SNR, the BER values of the iterative schemes almost remain unchanged. It is obvious in Fig. 2 that: 1)When SNR is less than 10.5dB, the BER values of iterative schemes are less than corresponding BER of non-iterative schemes; 2)When SNR is large than 11.4dB, the BER values of iterative schemes are large than corresponding BER of non-iterative schemes; 3) When SNR is large than 6dB, BER of iterative schemes remain between 2.3 × 10 −4 and 1 × 10 −4 . It means that the BER of iterative schemes will not decrease with an increase in SNR, if SNR is larger than certain value. In addition, the iterative Nu-SVD and iterative Nu-GMD will not be guaranteed to converge, and the mixed Nu-GMD will automatically switch to the non-iterative Nu-GMD algorithm if the iterative Nu-GMD does not converge. As shown in Fig. 1 and Fig. 2 , the mixed Nu-GMD outperforms the other four schemes.
VI. CONCLUSION
In this paper, we proposed GMD-based spatial multiplexing for a multiuser multistream MIMO system in combination with a block diagonalization method, to yield two precoding schemes for downlink beamforming. One is the iterative nullspace-directed GMD and the other is the non-iterative nullspace-directed GMD. Considering their advantages and disadvantages, the mixed nullspace-directed GMD has also been proposed. In addition, we utilized the conventional VBLAST as the decoder. The simulation results show that the mixed nullspace-directed GMD outperforms the iterative nullspace-directed GMD and non-iterative nullspace-directed GMD. Moreover, the performances of the iterative nullspacedirected GMD and the non-iterative nullspace-directed GMD are better than the iterative nullspace-directed SVD and noniterative nullspace-directed SVD, respectively. Furthermore, the mixed scheme will not bring extra computation since the complexity of the non-iterative nullspace-directed GMD is just similar to that of one iteration of the iterative nullspacedirected GMD.
